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We explore properties of edge colorings of graphs defined by set intersections. An edge
coloring of a graph G with vertex set V ={1,2, . . . ,n} is called transitive if one can associate
sets F1,F2, . . . ,Fn to vertices of G so that for any two edges ij,kl∈E(G), the color of ij
and kl is the same if and only if Fi∩Fj =Fk ∩Fl. The term transitive refers to a natural
partial order on the color set of these colorings.

We prove a canonical Ramsey type result for transitive colorings of complete graphs
which is equivalent to a stronger form of a conjecture of A. Sali on hypergraphs. This—
through the reduction of Sali—shows that the dimension of n-element lattices is o(n) as
conjectured by Füredi and Kahn.

The proof relies on concepts and results which seem to have independent interest. One
of them is a generalization of the induced matching lemma of Ruzsa and Szemerédi for
transitive colorings.

1. Introduction

A. Sali proposed a conjecture ([15], 1996, implicitly also in [14], 1986) on
hypergraphs and proved that it would imply dim(L)=o(|L|) for finite lattices
L, suggested by Füredi and Kahn ([7], 1988) as a property distinguishing
lattices from posets, where dim(P ) = 1

2 |P | is possible. The monograph of
W. T. Trotter ([17]) is recommended for combinatorial problems related to
dimension of partially ordered sets, in particular Section 10.6, which gives a
brief survey on the lattice dimension problem.
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In this paper we prove Sali’s conjecture in a stronger form (Theorem 1.3)
which, through the reduction of Sali ([15]), proves the conjecture of Füredi
and Kahn. The actual lower bound obtained for λ(n), the minimum size of
a lattice of dimension n, is Ω(n log(log∗∗(n))) (Theorem 7.1), where log∗∗ is
the functional inverse of the iterated tower function. This is hopelessly far
from λ(n)=Θ(n2), the ”reckless” conjecture of Füredi and Kahn ([7]).

The proof of Theorem 1.3 relies on the notion of transitive colorings,
formulated in Definition 1.4 as a special type of edge coloring of graphs where
vertices are sets and the edge colors are defined by set-intersections. In fact,
Theorem 1.3 is, in disguise, a canonical Ramsey type theorem for transitive
colorings of complete graphs (Theorem 2.2). The proof of Theorem 2.2 is in
Section 6, based on results summarized in the next paragraph.

Section 3 shows that transitive colorings can be equivalently defined
through the relation span on the color set (Propositions 3.1, 3.2). This allows
to define the color poset of a transitive coloring which becomes a powerful
tool in subsequent sections. Section 4 gives bounds on sizes of subgraphs
colored by chains and antichains of the color poset of transitive colorings
with bounded degree (Lemmas 4.1, 4.4). Section 5 connects these lemmas
through Dilworth theorem and leads to Theorem 5.1, a generalization of the
induced matching lemma of Ruzsa and Szemerédi ([13], 1978, Lemma 1)
for transitive colorings. For a discussion of this lemma (with its role in the
celebrated (6,3)-theorem), see the survey paper of Komlós and Simonovits
([9], 1996).

To formulate Sali’s conjecture, we need a few definitions.

Definition 1.1. (Sali, [15], 1996) A set system F1,F2, . . . ,Ft is a t-
configuration if there exist sets Ai, Bi such that Fi = Ai ∪Bi, 1 ≤ i ≤ t
where the sets Ai form a chain A1 ⊆ . . .⊆At and the sets Bi are pairwise
disjoint and also disjoint from At.

It is worth noting that t-configurations generalize the well studied and
widely applied notion of Delta systems (obtained when A1 =A2 = . . .=At)
and chains (when all Bi-s are empty). It seems that this generalization is
unexplored, I know only an unpublished result of Füredi ([5]) which deter-
mines the minimum number of edges of a k-uniform hypergraph ensuring a
t-configuration.

Assume that F={F1,F2, . . . ,Fn} is a system of (not necessarily distinct)
finite sets on an arbitrary ground set. Let M(F) denote the set of intersec-
tions of members of F ,

M(F) = {∩i∈IFi : I ⊆ [n]}.
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Conjecture 1.2. (Sali, [15], 1996, implicitly also in [14], 1986) For every
fixed c>0 and fixed positive integer t, there exists n0=n0(c,t) such that the
following is true for n≥n0: every system F={F1,F2, . . . ,Fn} which satisfies
|M(F)|≤cn contains a t-configuration.

We prove Conjecture 1.2 in a stronger form, replacingM(F) byM2(F)=
{Fi∩Fj :1≤ i<j≤n}.
Theorem 1.3. For every fixed c>0 and fixed positive integer t there exists
n0 = n0(c,t) such that the following is true for n ≥ n0: every system F =
{F1,F2, . . . ,Fn} which satisfies |M2(F)|≤cn contains a t-configuration.

It is not difficult to show that a cn bound on M2 does not necessar-
ily imply a c′n bound on M (not even on triple intersections). Therefore
Theorem 1.3 is really stronger than the claim of Conjecture 1.2.

Our approach to prove Theorem 1.3 is to transform it to a problem on
edge colorings of graphs through the following definition.

Definition 1.4. An edge coloring of a graph G with vertex set V =
{1,2, . . . ,n} is called transitive if one can associate sets F1,F2, . . . ,Fn to ver-
tices of G so that for any two edges ij,kl ∈E(G), the color of ij and kl is
the same if and only if Fi∩Fj =Fk∩Fl.

We also need a simple but important observation about t-configurations.

Proposition 1.5. A system of t sets is a t-configuration if and only if its
members can be indexed as F1,F2, . . . ,Ft so that for every 1≤ i< j <k≤ t,
Fi∩Fj =Fi∩Fk.

Proof. One direction is clear, Definition 1.1 provides the required indexing.
Assume that we have sets Fi, 1≤ i≤ t, indexed according to Proposition 1.5
on a ground set Ft+1. Define Ai=Fi∩Fi+1, Bi=Fi \Ai for 1≤ i≤ t.

Assume that 1≤ i<j≤ t. Then

Ai = Ai ∩Ai = (Fi ∩ Fj) ∩ (Fi ∩ Fj+1) = Fi ∩ (Fj ∩ Fj+1) = Fi ∩Aj ⊆ Aj

thus Ai⊆Aj. Moreover

Bi ∩Bj = (Fi \Ai) ∩ (Fj \ Aj) = (Fi ∩ Fj) \ (Ai ∪Aj)
= (Fi ∩ Fi+1) \ (Ai ∪Aj) = Ai \ (Ai ∪Aj) = ∅

thus Bi∩Bj =∅. Finally, for every 1≤ i≤ t,

Bi∩At = (Fi\Ai)∩At ⊆ Fi∩At = Fi∩(Ft∩Ft+1) = Fi∩Ft = Fi∩Fi+1 = Ai

and
Bi ∩At ⊆ Fi \ Ai ⊆ Ai
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showing that Bi ∩At = ∅. Thus the sets Fi = Ai ∪Bi, 1 ≤ i ≤ t, satisfy
Definition 1.1.

After these preparations Theorem 1.3 is reformulated as an equivalent
Ramsey-type theorem.

2. Canonical Ramsey theorem for transitive colorings

Definition 2.1. An edge coloring of a complete graph Kt is canonical if
and only if its vertices can be labelled by 1,2, . . . , t so that for every 1≤ i<
j<k≤ t, the color of edge ij is the same as the color of edge ik.

Theorem 2.2. For every fixed c>0 and fixed positive integer t, there exists
n0 = n0(c,t) such that the following is true for n ≥ n0: in every transitive
coloring of the edges of Kn with at most cn colors there is a canonically
colored Kt.

Now we show that Theorem 2.2 and Theorem 1.3 are the same, formu-
lated in a different language. View a set system F={F1,F2, . . . ,Fn} satisfy-
ing the assumptions of Theorem 1.3 as the vertex set of a complete graph
with color Fi ∩Fj on the edge FiFj . This coloring is transitive by Defini-
tion 1.4, uses at most cn colors therefore Theorem 2.2 implies that there is a
canonical Kt in this coloring. By Definition 2.1 and by the nontrivial part of
Proposition 1.5, the sets assigned to the vertices ofKt form a t-configuration.

The reverse argument is similar. If we have a transitive coloring on the
edges of Kn with at most cn colors then Definition 1.4 ensures a represen-
tation of this coloring by F={F1,F2, . . . ,Fn} with at most cn intersections
of the pairs. Theorem 1.3 gives a t-configuration which, by Definition 2.1
and by the trivial part of Proposition 1.5, corresponds to a canonically col-
ored Kt.

2.1. Remarks

1. The term canonical is borrowed from canonical Ramsey theory initiated
by Erdős and Rado ([4]). The reader familiar with the subject may notice
that Definition 2.1 incorporates mono, min, max colorings (see [8]) but
allows other colorings as well.
2. Observe that for t = 1,2, Kt is trivially canonical (in the language of
section 1, t sets always form a t-configuration), consequently Theorem 2.2 is
trivial. However, the case t=3 is already difficult, a canonically colored K3

is a triangle with two or three edges colored with the same color. In this case
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Theorem 2.2 says that if n is large (in terms of c) then Kn has no proper
transitive coloring with cn colors (where proper means that each color class
is a set of pairwise disjoint edges).
3. The threshold function n0(c,t) from our proof of Theorem 2.2 is very
large, for fixed c, it is essentially a t-times iterated tower function because
it comes from iterations of Szemerédi’s regularity lemma.
4. Theorem 2.2 easily provides a Kt which is canonical in a stronger sense,
having one of three types: mono, min, max, eliminating the fourth type,
distinct of the Erdős–Rado theorem ([4], for best bounds see [11]). (The
terms mono, min, max, distinct are from [8]).

Corollary 2.3. For every fixed c>0 and fixed positive integer t, there exists
n0 = n0(c,t) such that the following is true for n ≥ n0: in every transitive
coloring of the edges of Kn with at most cn colors, there is a Kt on which
the coloring is one of the three types: mono, min, max.

Proof sketch. Suppose that the vertex set of Kn is [n]. Theorem 2.2 pro-
vides a K(t−1)4+1 with vertex set A which is canonical in the sense of Defi-
nition 2.1. The labelling provided by this definition can be considered as a
permutation on A. Select a monotone increasing (1) or decreasing (2) sub-
sequence B ⊂ A of this permutation with |B| = (t− 1)2 +1. Then select t
vertices from B whose ”defining colors” are all distinct (3) or all equal (4).
This provides the required Kt : (1)(4) and (2)(4) give type mono, (1)(3)
gives type min, (2)(3) gives type max .

3. The color poset of transitive colorings

Here we show that transitive colorings of graphs define a natural partial or-
der on the underlying color set (Proposition 3.1). The converse is also true
and can serve as an equivalent definition of transitive colorings (Proposi-
tion 3.2).

Graphs in this paper are finite, loops and multiple edges are excluded.
We frequently exclude isolated vertices by considering graphs defined by
the span of their edge set. A subgraph of the graph G=(V,E) is defined as
(V1,E1), whereE1⊆E and V1 is the set of vertices covered by E1. A subgraph
(V1,E1) of G=(V,E) is an induced subgraph if e∈E1 holds for every e∈E
with both endpoints in V1. The cardinality of a largest independent set of G
is denoted by α(G). A star is a set of edges incident to a vertex, the closed
neighborhood of a vertex x is the set of vertices covered by the edges incident
to x.
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Assume that G=(V,E) is a graph with vertex set V =[n] with an edge
r-coloring C using colors from the set [r]. For convenience, we shall also use
the notation |C| = r, without actually referring to the color set. Following
the usual convention, colorings with less than r colors are also considered as
r-colorings. We shall use the following notations.

For V1 ⊆ V , col(V1) denotes the set of colors used on edges with both
endpoints in V1, with the convention that col(V1)=∅ if V1 is an independent
set in G. In particular, if ij ∈E(G) then col({i,j}) = col(ij) is the color of
the edge ij.

For C⊆ [r] let V (C) denote the subset of V covered by edges of G whose
color is from C. In particular, V ({i})=V (i) is the set of vertices covered by
the edges of color i. Similarly, E(C) denotes the subset of edges of G whose
color is from C. In particular, E({i}) =E(i) is the set of edges of G with
color i. Finally, the graph G(C) is defined as (V (C),E(C)), in particular,
G({i}) =G(i) = (V (i),E(i)) is the subgraph of G spanned by the edges of
color i.

Assume thatG is a graph with coloring C using colors from [r]. For C⊆ [r],
span(C), the span of C is defined as col(V (C)). (For C= {i}, span({i}) is
abbreviated as span(i).) For any positive integer m, spanm(C) is the m
times iterated span, which is well defined since span(C) maps subsets of [r]
to subsets of [r] (in fact, it is a nondecreasing map).

The binary relation R on [r] is defined as follows: for i,j∈ [r], iRj if and
only if j ∈ spanm(i) for some positive integer m. Note that R is a reflexive
relation on every colored graph since i∈span(i)=span1(i).

Proposition 3.1. If C is a transitive coloring on a graphG then the relation
R is a partial order on [r].

Proof. From Definition 1.4, C on G can be represented by assigning a set Fi

to vertex i for each i∈ [n] and defining col(ij)=Fi∩Fj for each edge ij∈E(G).
It is enough to prove Proposition 3.1 in terms of this representation because
it only changes the names of vertices and colors. Thus vertices of G and the
colors of the edges are considered as sets. Translating the definition of R,
we have to show that Y ∈ spanm(X) is a partial order. This is immediate
from the following claim: if Y ∈spanm(X) for some positive integer m then
X⊆Y .

To prove this claim, assume that a∈X. This implies that a is an element
of every vertex of V (X), which implies that a is an element of every color of
col(V (X)), i.e. every color of span(X). Repeating this argument, it follows
that a is an element of every color of span2(X), . . . ,spanm(X), in particular,
a is an element of Y ∈spanm(X).
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By Proposition 3.1 we can define the color poset of a transitive coloring
C as the color set [r] with the partial order iRj= i≤R j. It is worth proving,
although we shall not actually use it, that the converse of Proposition 3.1 is
also true.

Proposition 3.2. If C is a coloring on G such that [r] is partially ordered
under the relation i≤R j= iRj, then C is transitive.

Proof. Let C(i) denote the set of of colors appearing on the edges of G
incident to i ∈ V (G) (the vertex set of G is [n]). Let Fi be defined as the
set of colors which are smaller than or equal to some color of C(i) under R.
Thus Fi is the down-set or ideal generated by C(i) in the color poset.

Proposition 3.2 follows by showing that for every ij,kl∈E(G), Fi∩Fj =
Fk∩Fl if and only if col(ij)=col(kl).

Assume that Fi ∩Fj = Fk ∩Fl, col(ij) = x,col(kl) = y. Since x∈Fi ∩Fj ,
we get x∈Fk ∩Fl. Thus spanm1(x)∩C(k) �= ∅, spanm2(x)∩C(l) �= ∅ which
implies, withm=max(m1,m2), that y∈spanm+1(x), i.e. x≤R y. The reverse
argument gives y≤Rx which implies x=y.

Assume that col(ij)=col(kl)=x. If Fi∩Fj �=Fk∩Fl then, by symmetry,
we can select a∈ (Fi ∩Fj)\ (Fk ∩Fl). Since x∈Fk ∩Fl, x �= a. From a∈Fi,
vertex i is covered by V (spanm1(a)) for some m1. From a∈Fj , vertex j is
covered by V (spanm2(a)) for some m2. Therefore, with m=max(m1,m2),
V (spanm(a)) covers both i and j, which implies col(ij) = x∈ spanm+1(a),
therefore x>R a. However, x= col(kl) ∈C(k)∩C(l) implies that a <R x is
in the down-set of both C(k) and C(l), i.e. a∈Fk∩Fl which contradicts the
choice of a. Therefore Fi∩Fj =Fk∩Fl.

3.1. Simple facts and examples

Every graph has transitive colorings, one is the monochromatic coloring,
when all edges are colored with the same color, here the color poset is trivial.
Another is the coloring when each edge is colored with a distinct color, here
the color poset is an antichain. Both definitions of transitive colorings imply
immediately that if a coloring C is transitive on G = (V,E) then CG1 , the
restriction of C to a subgraph G1=(V1,E1) of G is transitive on G1.

The reader can easily check that among the six nonisomorphic 2-colorings
of K4, three are transitive. The colorings 1212, 1213212 of the paths P5,P8

are not transitive: in both cases 1<R 2,2<R 1 (since 1∈span(2),2∈span(1)).
The coloring 131232 of the path P7 is not transitive either, here 1<R 2,2<R 1
follows from a more subtle reason: 1∈span2(2),2∈span2(1).
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It is an easy exercise to show that a factorization of K2n into 2n− 1
matchings can not be a transitive coloring. However, it is not easy to see
that a partition of Kn into at most 2001n matchings can not be a transitive
coloring if n is large enough, this follows from Theorem 2.2 with t=3, c=
2001.

A partition of the edge set of a complete graph into complete subgraphs
(finite planes, Steiner systems) is transitive, its color poset is an antichain.
The converse is also obvious, in a transitive coloring of a complete graph
whose color poset is an antichain, the color classes give a partition into
complete subgraphs.

Canonical colorings of complete graphs are not necessarily transitive, the
smallest example is a K4 with V = [4], where the edges 23,24 are colored
with 2, the other edges with 1. Here both colors are in the span of the other
color. However, a canonical min coloring, where col(ij) = i for all j > i, is
transitive, its color poset is a chain.

4. Chains and Antichains of Transitive colorings

Let ∆(G) denote the maximum degree of a graph G. For a graph G with
coloring C using colors from [r], set ∆(C)=max{∆(G(i)) : i∈ [r]}. A coloring
C is called D-bounded if ∆(C)≤D, i.e. each color class has maximum degree
at most D. We need two lemmas to estimate the number of edges in D-
bounded transitive colorings. The first (Chain lemma) gives a bound on the
number of edges of chains.

Lemma 4.1. (Chain lemma) Suppose that C ⊆ [r] is a chain of the color
poset in a D-bounded transitive coloring C of a graph G with n vertices.
Then ∑

i∈C

|E(i)| ≤ Dn.(1)

Proof. We may assume, by renaming the colors, that C = [p] (with some
p∈ [r]) and the natural order on [p] agrees with the order <R, i.e 1<R 2<R

. . .<R p.

Claim 4.2. Assume that i∈ [p], and e∈E(i). Then at least one of the two
vertices of e is not covered by the set W (i)=∪j>iV (j).

Proof of Claim 4.2. Assume that both endvertices of e=xy are in W (i),
x∈V (k), y∈V (l) where both k and l are larger than i. Then x is incident
to an edge f with col(f) = k and y is incident to an edge g with col(g) =
l. We may assume by symmetry that k ≤R l. Therefore l ∈ spanm(k) for
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some positive integer m from the definition of R. However, col(e) = i and
the endvertices of e are covered by f,g of color k, l which implies that i ∈
spanm+1(k). Therefore i>R k which contradicts the assumption i<R k.

Claim 4.2 implies that one can define the pairwise disjoint sets A(i) for
i=1,2, . . . p by selecting a vertex from each edge of G(i) which is not covered
by W (i) = ∪j>iV (j). Since each edge of G(i) is incident to A(i) and each
vertex of G(i) has degree at most D,

∑
i∈C

|E(i)| ≤
∑
i∈C

D|A(i)| = D
∑
i∈C

|A(i)| ≤ Dn

which proves Lemma 4.1.

Antichains of transitive colorings relate to induced subgraphs. Observe
that if C⊆ [r] is an antichain in the color poset of a transitive coloring C of
G then the graphs {G(i) : i∈C} are induced subgraphs of the graph G(C).
To bound |E(C)| in terms of |C| for D-bounded transitive colorings requires
the extension of the induced matching lemma of Ruzsa and Szemerédi from
matchings to bounded degree subgraphs.

Theorem 4.3. (Induced matching lemma.) If a graph G with n vertices is
the union of n induced matchings, then |E(G)|=o(n2).

Theorem 4.3 is essentially Lemma 1 from a celebrated paper of Ruzsa and
Szemerédi ([13], 1978). The formulation above is from the survey paper of
Komlós and Simonovits ([9], 1996, Theorem 3.2) on Szemerédi’s regularity
lemma ([16]). The survey also shows the connection of Theorem 4.3 to its
better known forms ((6,3)-theorem, r3(n)=o(n)). The proof of the following
extension of Theorem 4.3 adapts the approach of Komlós and Simonovits.

Lemma 4.4. (Antichain lemma) Suppose that C ⊆ [r] is an antichain of
the color poset in a D-bounded transitive coloring C of a graph G with n
vertices. Let ε > 0 be arbitrary and n ≥ M(ε)(1+Dε)ε−3(1− ε)−1, where
M(ε) is the upper bound for the number of clusters in the regularity lemma.
Then ∑

i∈C

|E(i)| ≤ 2.5εn2 +
D(D + 1)

2
εn|C|.

Proof. The regularity lemma is applied to the graph G(C) in the so called
”degree form” ([9], Theorem 1.10) with density d=2ε, which means that all
pairs of the k≤M(ε) clusters X1, . . . ,Xk of size m≤ε�n� are ε-regular, each
with a density either 0 or at least d=2ε. The graph G∗ denotes the ”pure”
graph of G(C), i.e. the subgraph of G(C) defined by the edges between
the clusters. This notation is extended to all color classes of G(C), G∗(i)=
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(V ∗(i),E∗(i)) is the subgraph of G(i) defined by the edges between the
clusters. Set Y (i,j)=V ∗(i)∩Xj for i∈C,j∈ [k].

Since the first term 2.5εn2 in the estimate of Lemma 4.4 is the error term
(d+3ε)n2

2 (with d=2ε) which comes from the application of the degree form
of the regularity lemma, it is enough to prove the following claim.

Claim 4.5. For each i∈C, |E∗(i)|≤ D(D+1)
2 εn.

Proof. Assume that Claim 4.5 is violated by some i∈C, i.e.

|E∗(i)| > D(D + 1)
2

εn.(2)

Let J denote the index set of the clusters which have large intersection with
V ∗(i):

J = {j : |Y (i, j)| > ε|Xj | = εm}(3)

and partition V ∗(i) into two sets, A,B, where A=∪j∈JY (i,j), B=V ∗(i)\A.
Claim 4.6. |A|>α(G∗(i)).

Proof. Notice that from the definition of J

|B| ≤
∑

j∈[k]\J
ε|Xj | ≤ εn(4)

Using (2) and (4), we get

|V ∗(i)|
(
1− D

D + 1

)
=

|V ∗(i)|
D + 1

≥ 2|E∗(i)|
D(D + 1)

> εn ≥ |B|

which implies

|A| = |V ∗(i)| − |B| > |V ∗(i)|
(

D

D + 1

)
.(5)

Observation 4.7. Assume that H is a graph without isolated vertices with
maximum degree at most D. Then

α(H) ≤ |V (H)|
(

D

D + 1

)
.

Proof. Let S be a maximum independent set in H and T =V (H)\S. The
closed neighborhoods of vertices of T cover every vertex of H and each of
them has at most D+1 vertices. Thus

(|V (H)| − α(H))(D + 1) = |T |(D + 1) ≥ |V (H)|

which gives the required inequality.
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Applying Observation 4.7 to G∗(i) and using (5) we get

α(G∗(i)) ≤ |V ∗(i)|
(

D

D + 1

)
< |A|(6)

which proves Claim 4.6.

Claim 4.6 implies that G∗(i) has an edge with both endpoints in A =
∪j∈JY (i,j), w.l.o.g. between Y (i,1) and Y (i,2). Therefore the density be-
tween the clusters X1 and X2 is not 0, consequently at least d=2ε.

The proof of Claim 4.5 will be finished by showing that there is an edge
of G∗ between Y (i,1) and Y (i,2) with color l �= i. Then l ∈ span(i) which
contradicts the assumption that C is an antichain.

Indeed, by (3), we can select a pair of sets, Z1,Z2, of size εm from Y (i,1)
and Y (i,2), respectively (integer parts are neglected). There are at most
Dεm edges of color i between Z1 and Z2. However, the pair X1,X2 is ε-
regular with density larger than 2ε therefore the density of the pair Z1,Z2

is at least ε. Therefore the number of edges of G∗ between Z1 and Z2 is at
least ε3m2. To reach the required contradiction, we need the inequality

ε3m2 −Dεm > 1(7)

which, for easier computation, is replaced by ε3m−Dε > 1. Then m is
replaced with its lower bound n−εn

M(ε) (εn is subtracted because of the ex-
ceptional class). Solving the obtained inequality for n, we get the bound
n≥M(ε)(1+Dε)ε−3(1−ε)−1 , stated as the condition of the theorem. This
finishes the proof of Claim 4.5 and Lemma 4.4.

5. Extension of Ruzsa–Szemerédi theorem for transitive colorings

The following result is a generalization of the induced matching lemma for
transitive colorings. It gives Theorem 4.3 if D=c=1 and the color poset of
C is an antichain. Its key feature is that C is an arbitrary transitive coloring
(the extension for D is already in Lemma 4.4 and c is immaterial since
Theorem 4.3 can be stated with cn instead of n).

Theorem 5.1. Suppose that C is a D-bounded transitive coloring with at
most cn colors on a graph G with n vertices. Then |E(G)|=o(n2) for every
fixed c,D.

Proof. Assume indirectly that for some fixed c,D there exists a ρ>0 and a
sequence of graphs Gn with n vertices, at least ρn2 edges with D-bounded
transitive colorings using at most cn colors. Delete the edges of all color



490 ANDRÁS GYÁRFÁS

classes of Gn with less than ρn
2c edges. This sparser graph sequence has

graphs with at least ρn2

2 edges and (from the restrictions of the colorings
of Gn) have transitive D-bounded colorings with at most cn colors. For
convenience, this sparser graph sequence is considered as Gn.

For an arbitrary ε > 0 which will be fixed later, consider Gn with n ≥
M(ε)(1+Dε)ε−3(1− ε)−1. Let C denote the coloring of Gn and apply the
antichain lemma (Lemma 4.4) for Gn with a maximum antichain C of the
color poset of C. We get

ρn

2c
|C| ≤

∑
i∈C

|E(i)| ≤ 2.5εn2 +
D(D + 1)

2
εn|C|,(8)

implying that

|C| ≤ εn

(
5c

ρ− cD(D + 1)ε

)
.(9)

By Dilworth’s theorem, the color poset of C can be partitioned into s= |C|
chains, C1, . . . ,Cs. From the chain lemma (Lemma 4.1),

|E(Cj)| =
∑
i∈Cj

|E(i)| ≤ Dn(10)

for every j∈ [s]. Combining (9) with (10),

ρn2

2
≤ |E(Gn)| =

s∑
j=1

|E(Cj)| ≤ |C|Dn ≤ εn2 5cD
ρ− cD(D + 1)ε

(11)

which implies
ρ2

10cD + ρcD(D + 1)
≤ ε.(12)

Since ρ,c,D are all fixed, we get a contradiction by selecting an ε which is
smaller than the left-hand side of (12).

The following corollary is a quantitative version of Theorem 5.1 which
will be applied in the proof of Theorem 2.2.

Corollary 5.2. Let G(ρ,n) denote the family of graphs with n vertices, and
at least ρn2 edges. For a suitable function f(ρ,c,n), which tends to infinity
with n for every fixed ρ,c, the following holds: if C is a transitive coloring
of G∈ G(ρ,n) using at most cn colors then ∆(C)≥ f(ρ,c,n), i.e. there is a
monochromatic star with at least f(ρ,c,n) edges. A suitable f is essentially
log∗(n) if the other two parameters are fixed.
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Proof. Follow the steps of the proof of Theorem 5.1. To avoid complicated
calculations, we deliberately use the word essentially for inequalities which
are not (but can be) stated precisely.

Let h be the threshold function of Lemma 4.4:

h(ε,D) = M(ε)(1 +Dε)ε−3(1− ε)−1.(13)

Since M(ε) is essentially a tower of height ε−5 (see [2], [9]), we can re-
place h(ε,D) with tower(ε−5)D. Thus Lemma 4.4 can be applied if n ≥
tower(ε−5)D, i.e.

ε ≥
(
log∗

(
n

D

))− 1
5

.(14)

Let G∈G(ρ,n) with a transitive coloring C using at most cn colors. Set
D=∆(C). Like in the proof of Theorem 5.1, we may assume that each color
class of C has at least ρn

2c edges. From this point the argument of the proof
of Theorem 5.1 can be applied which leads to contradiction if an ε can be
selected which is smaller than the left-hand side of (12) and satisfies (14)
(to ensure that Lemma 4.4 is applicable) i.e. if

ρ2

10cD + ρcD(D + 1)
> ε ≥

(
log∗

(
n

D

))− 1
5

.(15)

We conclude that no ε can satisfy (15) therefore

log∗(
n

D
) ≤

(
10cD + ρcD(D + 1)

ρ2

)5

which is essentially
log∗(n) ≤ ρ−10c5D10.(16)

Therefore
f(ρ, c, n) = ρc−

1
2 (log∗(n))

1
10 ≤ D,(17)

giving the claimed (essentially) log∗(n) lower bound on D.

6. Proof of canonical Ramsey theorem

Here we repeat Theorem 2.2 for convenience, including its threshold func-
tion.
Theorem. For every fixed c>0 and fixed positive integer t, there exists n0=
n0(c,t) such that the following is true for n≥n0: in every transitive coloring
of the edges of Kn with at most cn colors there is a canonically colored Kt.
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A suitable n0(c,t) is a t-times iterated tower function with 81045tc5 in the
innermost tower.
Proof. The proof is induction on t. For t=2, n0(c,2)=2 is trivially a good
definition for every c. Assuming that n0(c,t) is already defined for every c,
n0(c,t+1) is defined as follows:

n0(c, t+ 1) = min{n : f(1/4, c, n) > n0(4c, t)}.(18)

Observe that n0(c,t+1) is well defined by Corollary 5.2. Using f(1/4, c,n)
as defined in (17), the recursion (18) gives n0(c,t+1) as the smallest n for
which a (t−2)-times iterated log∗-type function remains over 2. Since the
parameter c is multiplied by four at each step of the iteration, 81045(t−3)c5

appears in the innermost tower. The effect of using 1
4c

− 1
2 (log∗(n))

1
10 instead

of log∗ is negligable, it results only in a o(t)+o(c) increase of the innermost
function. This is very generously compensated by iterating t-times and using
45t in the innermost tower.

To carry out the inductive step, assume that n≥n0(c,t+1) and consider
a transitive coloring C on Kn (with vertex set V =[n]) such that |C|≤cn.

Claim 6.1. Kn contains a canonically colored Kt+1.

Proof of Claim 6.1. Partition the edges of Kn into two parts as follows.
Edge ij (1 ≤ i < j ≤ n) is an A-edge if both i and j have degrees less
than n0(4c,t) in color col(ij), otherwise it is a B-edge. The A-edges and
B-edges give a partition of Kn into subgraphs GA and GB . Both subgraphs
are transitively colored by CA, CB , the restrictions of C to GA, GB .

Observe that GA has less than n2

4 edges. Indeed, otherwise GA∈G(1/4,n)
and since CA is a transitive coloring of GA with at most cn colors, we can
apply Corollary 5.2 which states that GA has a monochromatic star with at
least f(1/4, c,n)≥n0(4c,t) edges. However, this contradicts to the definition
of the A-edges.

Assume that ij is a B-edge (1≤ i< j≤n). From the definition, either i
or j has large degree in color col(ij), where large means at least n0(4c,t).
Orient the edge ij into its endpoint of large degree (if both endpoints have
large degree, orient arbitrarily). Orienting each B-edge this way, GB becomes
a digraph with more than

(n
2

)
− n2

4 edges. Select a vertex x with indegree
at least n/4 in GB . Without loss of generality, assume that the B-edges
oriented into x are colored with colors 1,2, . . . ,k.

For each i ∈ [k], define Xi = {y ∈ [n] : col(xy) = i}. Since for each i ∈ [k]
there is a B-edge of color i oriented into x,

|Xi| ≥ n0(4c, t) for every i ∈ [k](19)
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and
k∑

i=1

|Xi| ≥ n/4(20)

We show that for some i ∈ [k], C colors Kn[Xi], the complete subgraph of
Kn induced by Xi, with at most 4c|Xi| colors. This will finish the proof of
Claim 6.1 because (19) allows to use the inductive hypothesis on Kn[Xi]:
there is a canonically colored Kt within Xi which, if extended by x, gives a
canonically colored Kt+1 in Kn.

Assume indirectly that for every i∈ [k], C colors Kn[Xi] with ri>4c|Xi|
colors. Observe that for every 1 ≤ i < j ≤ k, and for every pair of edges
ei,ej such that ei is in Kn[Xi] , ej is in Kn[Xj ], col(ei) �= col(ej). Indeed, if
col(ei) = col(ej) then i∈ span2(j), j ∈ span2(i) which contradicts to transi-
tivity. Therefore, using (20),

|C| ≥
k∑

i=1

ri >
k∑

i=1

4c|Xi| ≥ 4c(n/4) = cn

contradicting to the assumption that C uses at most cn colors.

7. The size and dimension of lattices

Until this point we followed the traditional view of the Ramsey function:
n≥n0(c,t) vertices guarantee a canonical Kt in every transitive cn-coloring
of Kn. Sali’s reduction uses the inverse function f(c,n) with the property: in
every transitive cn-coloring of Kn there is a canonical Kf(c,n). This amounts
to estimate t from n=n0(c,t). Using the t-times iterated tower threshold of
Theorem 2.2 for n=n0(c,t) and applying its functional inverse, log∗∗, we get

log∗∗(n) = 81045tc5(21)

which gives

t = f(c, n) =
1
10

log(log∗∗(n))− 3− 1
2
log(c).(22)

After this preparation we can apply Sali’s reduction inequality ([15], The-
orem 3.3) to estimate λ(n), the minimum size of a lattice of order dimension
n. Sali’s reduction (apart from a constant factor about 1/2) gives the fol-
lowing lower bound on λ(n) in terms of f(c,n).

λ(n) ≥ min


cn,

∑
i≤n

i≡n ( mod 3)

f(c, i)


(23)
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Disregarding indices under n
2 in the sum of (23) we get

λ(n) ≥ min
(
cn,

n

6
f

(
c,
n

2

))
(24)

from which λ(n)≥ng(n) follows by solving

g(n) =
1
6
f

(
g(n),

n

2

)
.(25)

Using (22),

6g(n) +
1
2
log(g(n)) + 3 =

1
10

log(log∗∗(n/2))(26)

implying the following estimate for λ(n).

Theorem 7.1. λ(n)=Ω(n log(log∗∗(n))).

8. Concluding remarks

1. Complete graphs can not be replaced by dense graphs in Theorem 2.2 as
the following example shows. Consider a complete (n/ν)1/2 -partite graph
with parts of size (nν)1/2. Color the edges between each pair of partite
classes with a distinct color. This graph has n vertices, n2

2 −o(n2) edges and
transitively colored with n

2ν colors, in fact its color poset is an antichain.
However, since all triangles are colored with three distinct colors, it contains
no canonically colored K3. By iterating this construction, one can obtain a
transitive coloring of Kn with at most cn colors (c=1/ν) in which the size
of the largest canonical complete subgraph is about log log(n)− log log(c).
This indicates that the method of the paper can not give better bound for
λ(n) (in the lattice dimension problem) than Ω(n log log(n)).
2. Transitive colorings of graphs exclude many color patterns on various
subgraphs. Perhaps the simplest excluded color pattern is an alternating 2-
coloring of a path or cycle with four edges. Colorings without these patterns
emerged from a Ramsey type problem and can be called abab-free colorings.
It was asked in [3] (Problem 1) whether it is possible to find proper abab-
free colorings of Kn with cn colors. Some results have been obtained by
Axenovich ([1]) and Rosta ([12]). In [3] it was predicted that the answer is
negative and might come from Szemerédi’s regularity lemma. For the special
case of transitive colorings the prediction was right, Theorem 2.2 gives this
for t=3 (using the regularity lemma).
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3. The notion of transitive colorings can be naturally extended to hyper-
graphs by generalizing Definition 1.4 as follows.

An edge coloring of a hypergraph H with vertex set V = {1,2, . . . ,n} is
called transitive if one can associate sets F1,F2, . . . ,Fn to vertices of H so
that for any two edges e,f ∈E(H), the color of e and f are the same if and
only if

∩i∈eFi = ∩i∈fFi.

It is easy to see that the notions (span relation, color poset) and propositions
of Section 3 remain valid in this general setting.
4. Z. Füredi noticed ([6]) that Lemma 4.4 can be proved (with a loss of
a constant factor) by a direct reduction to the induced matching lemma.
Füredi’s argument is that the edge set of any color class G(i) of an antichain
C in a D-bounded transitive coloring can be recolored with at most 2D2 new
colors, each forming an induced matching in G(i). This gives a recoloring
of the edges of G(C) with 2D2|C| new colors, each forming an induced
matching in G(C). Then the induced matching lemma (Theorem 4.3) can
be applied to get a bound similar to the one stated in Lemma 4.4. The
author thinks that the price is too high for this shortcut because in the
present form Lemma 4.4 is an extension of the induced matching lemma for
bounded degree subgraphs with a self-contained proof (to a reader familiar
with the regularity lemma).
Acknowledgment. I am indebted to my friend Jenő Lehel for stimulating
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[4] P. Erdős, R. Rado: A Combinatorial Theorem, J. London Math. Soc., 25 (1950),
249–255.
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[6] Z. Füredi: personal communication, 2001.
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